We suggest a method for creating bright matter solitons by loading a BEC of atoms in a driven tilted optical lattice. It is shown that one can realize the self-focussing regime for the wave-packet dynamics by properly adjusting the phase of the driving field with respect to the phase of Bloch oscillations. If atom-atom interactions are larger than some critical value gmin, this self-focussing regime is followed by the formation of bright solitons. Increasing the interactions above another critical value gmax makes this process unstable. Instead of soliton formation one now meets the phenomenon of incoherent self-trapping. In this regime a fraction of atoms is trapped in incoherent localized wave-packets, while the remaining atoms spread ballistically.
Introduction. Non-spreading localized wave-packets, solitons, are a paradigm of nonlinear wave dynamics and are encountered in many different fields, such as physics, biology, oceanography, and telecommunication [1] . Recently much attention has been paid to solitons with a Bose-Einstein condensate (BEC) of cold atoms [2] [3] [4] [5] [6] [7] , described in the mean-field approximation by the nonlinear Schrödinder equation. To generate solitons this equation should be self-focussing, which requires either attractive inter-atomic interactions or negative mass. The latter case can be achieved by loading a BEC into an optical lattice, where the effective atomic mass is negative near the edge of the Brillouin zone. This idea was realized in experiment [7] where a wave-packet of cold atoms was moved to the edge of the zone by accelerating the optical lattice for a given time. Adjusting the number of atoms in the wave-packet and its width the authors of the cited experiment were able to create a stationary soliton, which showed no sign of dispersion for at least 60ms.
In this work we suggest a different method for creating bright solitons by loading a BEC of atoms in a driven tilted optical lattice. This method relies on the wellknown result that the quasi-energy spectrum of the system has band structure if the driving frequency coincides with the Bloch frequency (see for example review [8] and references therein). Changing the phase of the driving field with respect to the phase of Bloch oscillations it is possible to realize both defocussing and focussing regimes of the nonlinear Schrödinder equation. We demonstrate that the suggested method is robust and does not require the simultaneous adjusting of wave-packet width and atom number. Moreover, it allows us to generate moving solitons, which is a challenging problem from the view point of laboratory experiments.
The model. Considering deep enough optical lattices, the BEC dynamics in a tilted driven lattice obeys the following equation
where a l is the BEC complex amplitude in lth potential well, J the hopping matrix element, d the lattice period, F and F ω magnitudes of a static and AC fields, ω the driving frequency, and φ an arbitrary phase. For vanishing atom-atom interactions system (1) has been discussed in numerous papers, including the experimental works [9] [10] [11] . For g = 0 and arbitrary values of the driving frequency system (1) has been studied in the recent experimental work [12] and the theoretical work [13] . Here we focus on the particular case where the driving frequency ω coincides with the Bloch frequency ω B = dF/h. As initial conditions we consider a coherent wave-packet of a finite width and, to be specific, we assume a l (t = 0) ∼ exp(−l 2 /2σ 2 0 ). One gets a useful insight into the BEC dynamics by changing from the Wannier basis to the basis of WannierStark states, which corresponds to the substitution
Assuming additionally F ω ≪ F and using the rotatingwave approximation, the equation with new amplitudes c m takes the form
. (Here and above J n (z) are Bessel functions of the first kind and z = J/dF .) Since we have assumed ω = ω B , the parameter φ in Eq. (3) takes into account the phase difference between the Bloch and field oscillations.
Dynamics for dF ≫ J. We begin our analysis of Eq. (3) by considering the case of a strong static field, dF ≫ J. In this limiting case the Wannier-Stark states coincide with the Wannier states and Eq. (3) reduces to the celebrated Discrete Nonlinear Schrödinger Equation
This equation can be considered as a discretization of the continuous nonlinear Schrödinger equation
where x = md and the irrelevant term J cos φ ψ is omitted.
Let us discuss the system (4) in terms of its continuous counterpart (5) . The dynamical regimes of (5) depend on the value of the parameter φ. The most interesting cases are φ = 0 (defocussing of the initial wave-packet), φ = ±π/2 (translation), and φ = π (self-focussing). It is easy to check numerically that under the condition σ 0 ≫ 1 these regimes are present in the discrete equation (4) as well. From now on we will focus on the case φ = π where the effective hopping matrix element is negative and Eq. (5) is self-focussing. As known in the 1D nonlinear Schrödinger equation the transient focussing regime is followed by formation of several solitons moving with different velocities [14] . In the co-moving frame each of isolated solitons is approximated by the one-parameter function,
which solves the stationary nonlinear Schrödinger equation. The parameter λ in (6), which defines the soliton width, is proportional to the number of atoms captured by the soliton and the nonlinearity g. Namely, assuming the normalization of the wave function ψ(x, t) to unity, we have λ = αg/2 Jd, where α is the relative number of atoms in a given soliton. Simulating the dynamics of a single (moving) soliton one finds the function (6) with discrete x = md to be an approximate solution of (4) until λ ≈ 0.1, where the soliton width is about 20 lattice periods. For a larger λ the discreetness of x becomes important and one speaks about a discrete soliton or breather [15, 16] . The discrete soliton may involve only 3-4 sites and is pinned in the lattice. We simulated the DNLSE (4) for a wide initial wave packet, searching for stable soliton-like structures, and indeed, observed them in a certain interval of nonlinearity g min < g < g max . An example is given in Fig. 1 , whereg = g/ J = 2. (Since J in Eq. (4) can be set to unity by rescaling the time, only the ratio g/ J matters.) In Fig. 1 one sees two solitons of the form (6) moving in opposite directions with constant velocities, and one central soliton, pinned at the lattice origin. This central soliton, which captures the largest part of atoms, is actually on the border of validity of the continuous approximation and carries some features of discrete solitons. Increasing the interaction constant g more atoms become captured in the central soliton-like structure and it becomes a discrete breather with approximately three sites involved in the dynamics (see upper panel in Fig. 2 ). The remaining atoms are emitted in the form of plane waves and tiny solitons. However, these solitons appear to be sensitive to the interaction-induced decoherence process present in the system and, hence, are of little interest.
Next we discuss the destructive effect of the interaction-induced decoherence in more detail. To mimic the quantum decoherence within the framework of the DNLSE the solution of (1) should be averaged over an ensemble of initial conditions. This is uniquely defined by the initial quantum many-body state of the system [17] . In the case of the BEC initial state being considered at present, this ensemble can be approximated by the following ensemble,
where ǫ l and θ l are normally distributed random variables and N is the total number of atoms. Clearly, the ensemble (7) takes into account quantum fluctuations of atom number in any given well of the optical lattice. For large N and providing the solution of the DNLSE is stable with respect to a small variation in initial conditions, this additional averaging procedure may be omitted. However, if the solution is not stable this averaging procedure is absolutely necessary. Firstly, because it removes artifacts of the mean-field discription [17, 18] and secondly, because it makes transparent the decoherence of the BEC in the course of time [19] .
The upper panels in Fig. 1 compare the single-run solution of DNLSE with that averaged over the ensemble (7), where we set N = 10 6 . It is seen that the averaging procedure only slightly increases the soliton widths; in all other aspects the time evolution of site populations fol- low that depicted in the lower panel in Fig. 1 . However, this result holds only ifg <g max , where the system dynamics are stable (g max ≈ 2 for the chosen parameters). A comparison of the upper and lower panels in Fig. 2 , whereg >g max and the system dynamics are unstable, indicates that the decoherence process destroys the small side solitons. Simultaneously it transforms the large central breather into an incoherent packet. For this reason we avoid using the term 'discrete soliton' or 'breather', which is reserved in physical literature for a coherent localized excitation. Instead we shall use the term 'selftrapping', which may be used for both coherent and incoherent localized wave-packets. It is also worth mentioning that the discussed (incoherent) self-trapping principally differs from a (coherent) self-trapping in the defocussing regime (positive hopping matrix element) studied in Refs. [20, 21] . We come back to the problem of incoherent self-trapping in the next section. Dynamics for dF < J. We also studied the formation of bright solitons in the driven tilted lattice (1) in the parameter region, where it cannot be reduced to the standard DNLSE. In particular, when relaxing the condition dF ≫ J the sum in the nonlinear term in Eq. (3) contains many terms; thus, one cannot appeal to the nonlinear Schrödinger equation. Nevertheless, we find the dynamics of system (3) to be similar to that of system (4). Namely, for φ = 0 one observes defocusing of the initial wave packet, translation dynamics for φ = π/2, and self-focusing for φ = π. Moreover, the focussing regime is followed by formation of a number of solitons with the characteristic shape given in Eq. (6) . An example is given in the lower panel in Fig. 3 , where J/dF = 4 and the sum in Eq. (2) The result depicted in Fig. 3 refers to moderate nonlinearity g = 0.8 org = g/ J = 4, where the system dynamics are stable. Larger atom-atom interactions lead to unstable dynamics and cause a rapid decoherence of the initial BEC state. Then, instead of soliton formation, one meets the phenomenon of temporal self-trapping. This phenomenon is exemplified in the lower panel in Fig. 4 , which shows evolution of the site populations forg = 100. It is seen that atoms are temporally trapped by the nonlinearity. A convenient characteristic of this process is the survival probability S(t), which we define as the relative number of atoms staying in the region of support of the initial wave-packet (|l| ≤ 50 for σ 0 = 20). The function S(t) is depicted by the solid line in the upper panel in Fig. 4 . It should be noted that S(t) goes to zero for t → ∞. This constitutes the main difference between the self-trapping in the DNLSE regime (dF ≫ J) and in the regime where dF < J; in the former case S(t) approaches a constant value defined by the relative number of permanently trapped atoms.
Finally, we would like to stress one more time that the trapped atoms form an incoherent wave-packet, where the single-particle density matrix is close to a diagonal matrix. In fact, for a systematic study of the incoherent self-trapping it is desirable to have an incoherent wavepacket from the very beginning. For the sake of comparison the dash-dotted and dashed lines in the upper panel in Fig. 4 depict S(t) for completely incoherent initial conditions andg = 0 andg = 100, respectively [22] . In the former case the self-trapping is absent and the atoms spread ballistically [13] . In the latter case, decay of the survival probability practically coincides with that depicted by the solid line if we take into account the time needed to decohere the initial BEC state.
Conclusions. We have analyzed the dynamics of a BEC of cold atoms with repulsive interactions in driven tilted optical lattices. It is shown that one can easily realize the focussing regime for the wave-packet evolution by properly adjusting the phase of the driving field with respect to the phase of Bloch oscillations. If the macroscopic interaction constant g is larger than some critical value g min , this focussing regime is followed by the formation of several bright solitons. We also checked that these solitons are stable against the interaction-induced decoherence process present in the system. Further increase of the interaction constant above another critical value g max greatly enhances the decoherence process and, instead of soliton formation, one meets the phenomenon of incoherent self-trapping. In this regime a fraction of atoms is permanently or temporally trapped in an incoherent localized wave-packet, while the remaining atoms spread ballistically with the velocities defined by the effective hopping matrix element J.
The discussed incoherent self-trapping has been recently observed in the laboratory experiment [12] . In the cited experiment the BEC of N = 1.2×10
5 cesium atoms in vertical quasi one-dimentional lattice of the depth 3 recoil energies was subject to the sum of gravitational field and levitation force due to a magnetic field gradient, resulting in the Bloch frequency ω B = 2π × 98 Hz. Modulating the magnetic field with the same frequency, the authors of Ref. [12] realized the model (1) , where the 1D macroscopic interaction constant g (which is proportional to the s-wave scattering length a s ) was varied in a wide interval by means of the Feshbach resonance. The regime of incoherent self-trapping was clearly observed at a s = 336a 0 (a 0 is Bohr radii), where the rate of spreading of the atomic cloud was essentially suppressed in constrast to the case a s = 11a 0 . Simulating the dynamics of system (1) for the specified parameters we concluded that to enter the regime of stable bright solitons, one should increase the number of atoms to N ∼ 10 6 and further decrease the 1D interaction constant g. 
